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ABSTRACT

This paper presents a generalized non-stationary and frac-
tional model for texture synthesis. The model is based on
convolution and modulation operations of fractional Brown-
ian �elds and its associated spectral representation contains
many poles with unit norm. Synthesized textures generated
from this model can exhibit several non-trivial fringes which
can be visualized in natural textures such those involved in
high resolution transmission electron microscopy.

Index Terms— Texture Synthesis ; Random �elds ;
Fractional Brownian �elds ; Non-Stationary textures ; Trans-
mission Electron Microscopy

1. INTRODUCTION

One-Dimensional (1D) fractional Brownian motions that are
non-stationary random processes, have shown relevancy in
modeling uid particle interactions and chemical cell struc-
tures, etc. Their 2D generalizations to model spatial random
processes (or 2D random �elds) have shown e�ciency in tex-
ture analysis [1, 2, 3, 4] and texture synthesis [5, 6, 7]. This
justi�es their interest in this paper.

The class of multifractional Brownian motions derived in
[8], [9] is an extension of fractional Brownian motions as-
sociated with an evolving covariance structure in time [10].
However, the parameterization of this class is too intricate for
making possible an intuitive spectral characterization. Thus,
we address hereafter an extension of fractional Brownian mo-
tions with respect to speci�cations in the spectral domain.

The model generalization of fractional Brownian �elds
proposed in this paper has the following properties:

� an arbitrary number of spectral singularity points,

� an arbitrary Hurst parameter, associated to each spec-
tral pole, which characterizes the exponential decay of
the spectrum in its neighborhood.

To this aim, a fractional-type random �eld is obtained
from convolution and modulation operators over a sequence
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of fractional Brownian random �elds associated with an ar-
bitrary sequence (being either random or deterministic) of
Hurst parameters. By doing this way, we speci�cally describe
isotropic random �eld models involving several spectral poles
with unit norm and di�erent power decays at these poles,
whereas the standard isotropic fractional Brownian �eld ad-
mits a spectral representation with only one pole located at
zero frequency. The consequence is a model with rich spatial
structure (or textural) information. Such a spectral content
can be found in many textures issued from materials. In par-
ticular, we will explore the case of High Resolution (HR) -
Transmission Electron Microscopy (TEM) for visualizing soot
nanostructures.

The paper is organized as follows: Section 2 provides, in a
discrete 2D framework, some preliminary results on isotropic
fractional Brownian �elds. Section 3 presents the general-
ized fractional random �eld model proposed in the paper. It
addresses their spectral characterization. Section 3 also high-
lights the capability of the generalized fractional random �eld
model in generating non-trivial stochastic textures. Section
4 discusses the contribution of the generalized model, in a
context of HR-TEM images and concludes the paper.

2. ISOTROPIC FRACTIONAL BROWNIAN
RANDOM FIELDS

2.1. Spectral properties of fractional Brownian fields

Let us consider a zero-mean real valued isotropic fractional
Brownian �eld FHq(k, `) with Hurst (long-term memory) pa-
rameter Hq, 0 < Hq < 1, where k, ` ∈ Z. A spectrum can be
associated to FHq by considering transforms having stationar-
ization properties [1]. This spectrum, de�ned by association1,
can be written in the form

γFHq
(u, v) = ξ(Hq)

1

(u2 + v2)Hq+1
(1)

1The spectrum associated with FHq is not directly the Fourier
transform of its lag-based autocorrelation function since this au-
tocorrelation function, RFHq

(k, `,m, n) used in Eq. (4), cannot be

written as a function of the lags (k −m) and (` − n).



where ξ(Hq) is given by

ξ(Hq) =
2−(2Hq+1)π2σ2

sin(πHq)Γ2(1 +Hq)
. (2)

Equation 1 shows that The spectrum of FHq exhibits a singu-
lar frequency point located at the frequency grid origin (zero
frequency point).

The following provides generalized isotropic fractional
�elds which can admit many spectral singularities.

2.2. Spectrum-Pole-Shifted non-stationary isotropic
fractional Brownian fields

We now address the generation of a non-stationary fractional
random �eld involving a spectral pole located at an arbitrary
frequency point in the grid [0, π] × [0, π]. In this respect,
the non-stationary random �eld FHq is modulated by a com-
plex exponential `wave' associated with a frequency point
(uq, vq) ∈ [0, π] × [0, π]. Let us de�ne a random �eld GHq

by setting:

GHq(k, `) = e
iuqkeivq`FHq(k, `). (3)

The random �eld GHq is centered and its autocorrelation

function RGHq
(k, `,m, n) = E

[
GHq(k, `)GHq(m,n)

]
is:

RGHq
(k, `,m, n) = RFHq

(k, `,m, n)eiuq(k−m)eivq(`−n). (4)

This autocorrelation function involves a stationary separable
exponential term multiplying RFHq

. Note, from the expan-

sion of RGHq
given in Eq. (4), that GHq is non-stationary:

its autocorrelation function involves contributions that can-
not reduce to lag terms (k −m, ` − n).

Similarly to FHq , one can associate the spectrum γGHq

to GHq , where γGHq
(u, v) = γFHq

(u − uq, v − vq), thus:

γGHq
(u, v) = ξ(Hq)

1

((u − uq)2 + (v − vq)2)
Hq+1

. (5)

From Eq. 5, the spectrum γGHq
is unbounded near fre-

quency point (uq, vq) (spectral pole with unit norm). This
spectral pole is a shifted version of the pole of γFHq

. In the

neighborhood of (uq, vq), the spectrum γGHq
has the same

exponential decay as γFHq
around zero.

3. Q-FACTOR GENERALIZED FRACTIONAL
BROWNIAN FIELDS (GFBF)

3.1. Generalized fractional Brownian fields with Q

spectral poles

The fractional Brownian �eld FHq admits one spectral pole
located at zero frequency point. Its modulated version, GHq ,
admits one spectral pole located at frequency (uq, vq). In the
following, a method for constructing generalized fractional
�elds is provided. The generalization concerns the number
of poles associated with the spectral density of the fractional
Brownian �eld.

We consider a sequence of Hurst parameters HQ =
{H1, H2, . . . , HQ} and de�ne a convolution (notation

⊗
) of Q

non-stationary �elds G = {GHq , q = 1, 2, . . . , Qg:

EHQ
=

Q⊗
q=1

GHq (6)

where sequence G is assumed to be composed with indepen-
dent random �elds.

Random �eld EHQ
, hereafter referred as Q-factor Gener-

alized Fractional Brownian Field (GFBF) is non-stationary.
From some straightforward calculus involving some proper-
ties of the convolution operator, we derive the spectral den-
sity of EHQ

as:

γEHQ
(u, v) ∝

Q∏
q=1

1

[(u − uq)2 + (v − vq)2]
Hq+1

(7)

with proportionality factor equal to
∏Q
q=1 ξ(Hq).

As it can be seen from Eq. (7), the GFBF is associated
with a spectrum admitting several poles and these poles are
not necessarily located at the zero of the frequency grid.

3.2. Random field Q-factor GFBF based texture syn-
thesis

The present paper addresses texture synthesis from random
�eld modeling (stochastic textures). The main di�culty for
the synthesis of such textures is linked to the capability of
the random �eld considered in

� encompassing intricate spatial dependencies and non-
stationarities,

� having a simple parameterization that eases character-
ization and synthesis from random number generators.

Table 1. Overview of the algorithm for Q-factor GFBF syn-
thesis.
Select, a sequence HQ = {H1, . . . , HQ} of Hurst parameters;
Select, a sequence WQ = {(u1, v1), . . . , (uQ, vQ)}of poles.
Do, for k ∈ {1, 2, 3, . . . , Q}: (E0 is a dirac)

Ek ← Generate[Field, Hk]
Ek ← Modulate[Ek, (uk, vk)]
Ek ← Convolve[Ek−1, Ek]

Table 1 provides the procedure used for generating Q-
factor GFBF from Eq. (6). In this table, the \Generate"
function provides a realization of a standard fractional Brow-
nian �eld (GFBF synthesis) [5]. The \Modulate" function ap-
plies Eq. (3) over a discrete frequency grid. The \Convolve"
function applies the standard discrete convolution operation.

Di�erent Q-factor GFBF realizations are provided in Fig-
ure 1. These realizations exhibit several non-trivial structures
(that do not reduce in line-wise or column-wise delineations).
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Fig. 1. Q-factor GFBFs EHQ
for di�erent values of Q. Poles and Hurst parameters are generated from random variables

distributed as Gaussian, Uniformly and Gamma respectively. Poles are distributed in [0, π/2]× [0, π/2] and Hurst parameters
are distributed in ]0, 0.5[.
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Fig. 2. Wavelet spectra SWEHQ
of Q-factor GFBFs EHQ

texture images given in Figure 1. Spectra are given in [0, π/2] ×
[0, π/2]. When poles are very close, they fused in one 'big' pole. Poles associated with small Hurst parameters tend to be
dominated (display setup) by other poles. Spectra are estimated from images in order to highlight the impacts of sampling
and estimation.



HR-TEM image, ITEM
Wavelet Spectrum SWITEM of ITEM on [0, π]× [0, π]

I1 = Z(ITEM,1) SWI1 I2 = Z(ITEM,2) SWI2 I3 = Z(ITEM,3) SWI3

Fig. 3. HR-TEM image ITEM (top-left) and its wavelet spectrum SWITEM (top-right). Bottom: some Zooms (Z) on regions
of image ITEM for texture visualization and the corresponding spectral information. The frequency grid is [0, π] × [0, π] for
SWITEM and [0, π

2
]×[0, π

2
] for SWI1,SWI2,SWI3 (most textural information is concentrated on the latter grid, see for instance

SWITEM).

4. DISCUSSIONS AND CONCLUSION

Figure 2 provides spectra of GFBF textures given in Fig-
ure 1. The spectra have been computed from the wavelet
packet method given in [1]. Figure 2 highlights the spectral
peaks and the exponential decay in the neighborhood of these
peaks, of the synthesized textures from GFBF EQ. Many nat-
ural textures have spectra which possess such characteristics.
In [11], the spectral peaks in locally calculated Fourier spec-
trum, are used to detect crystallized ceria nanoparticles in
silica mesoporous supports. For instance, soot nanostructure
visualized with HR-TEM (see Fig. 3) exhibits such spectral
characteristics as it can be seen in the spectra given in Figure
3. These spectra have also been obtained with the wavelet
packet spectrum estimator given in [1]. One can note that
the SWITEM and SWI3 spectra exhibit many non-uniformly
distributed peaks (see Fig. 3).

Modeling these textures by a Q-factor GFBF thus re-
quires the estimation of di�erent parameters: the location
of frequencies associated with poles and their number; the
local exponential decays near those frequencies relating the
Hurst parameters. These estimations are challenging and will
be addressed in a future work (synthesis based on real data
spectral characteristics). Estimation of the poles can be per-
formed by using algorithms such as matching pursuit (poles
are rare and with large amplitudes). Estimation of the Hurst
parameters can be addressed by using log-regression methods.

We plan to investigate Q-factor GFBF parameter estimation
in future work.

A visual analysis highlights that Q-factor GFBFs E21 and
E22 of Figure 1 present textural structures similar with some
fringes observed on HR-TEM image given by Figure 3 (see the
zoomed versions). The spectra SWEH21

and SWEH22
given

by Figure 2 con�rm this remark and show the relevancy of
considering generalized fractional models for texture descrip-
tion. This assumption will be carefully checked, in a future
work, by addressing parameter estimation of GFBF models
on HR-TEM databases.

We thus conclude this paper by enhancing the speci�city
of the Q-factor GFBF: these models are non-stationary and
associated with several spectral poles, which makes them
powerful tools for random �eld synthesis. Indeed, textures
that are synthesized from Q-factor GFBF have shown ap-
pealing structural content and similarities with some fringe
structures encountered in HR-TEM textures.
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